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The motion of a mechanical system of coaxial axisymmetrical bodies of variable mass in a translating system of coordinates is
considered. A theorem on the change in the angular momentum of a system of coaxial bodies of variable mass with respect to
translating axes is given. The dynamic equations of motion are constructed using the example of two coaxial bodies. Assuming
that the relative displacements of the centre of mass, due to a change in the mass of the system, are small, approximate solutions
are found for the spatial orientation angles and the condition for reducing the amplitude of nutational oscillations. The results
obtained can be used to describe the motjon of spacecraft, constructed in coaxial form, when performing active manoeuvres
with a change in mass. © 2005 Elsevier Ltd. All rights reserved.

The motion of a spacecraft with double rotation and fixed mass when there is a small asymmetry was
considered in a previous paper [1].

1. FORMULATION OF THE PROBLEM AND A THEOREM
ON THE CHANGE IN THE ANGULAR MOMENTUM OF
A SYSTEM OF COAXIAL BODIES

We will consider the problems of deriving the equations of motion of a system of k bodies of variable
mass with respect to translating axes and of obtaining approximate analytical relations for a free system
of two coaxial bodies. The dynamic symmetry is not disturbed during the change in mass.

We will introduce the following system of coordinates (Fig. 1): PEn{ is a system of coordinates, fixed
in absolute space, OXYZ is a moving system of coordinates with origin at the point O, the axes of which
remain collinear with the axes of the fixed system during the whole time of motion, and Ox;y;z; are systems
of coordinates with a common origin, rigidly connected to the i-th body (i = 1, 2, ... , k), rotating
with respect to the system OXYZ. We will choose as the origin of coordinates of OXYZ a point lying
on the common axis of rotation of the bodies and coinciding with the initial position of the centre of
mass, Points forming part of the system are distinguished by the fact that they belong to one or other
body, and hence when writing expressions we will indicate that points belong to the ith body by the
subscript v;.

To construct the equations of motion we will use the “short-range” hypothesis, according to which
particles which obtain a relative velocity when separated from the body no longer belong to the body
and in no way act on it, in which case the theorem on the change in the angular momentum of a system
of variable mass [2], written with respect to the fixed system of coordinates PEn, takes the form
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Fig. 1

where Mp is the principal moment of the external forces, MZ is the principal moment of the reactive
forces, and S is the sum of the angular momenta of the particles of body i, rejected in unit time in their
translational motion with respect to the fixed system of coordinates.

The angular momentum of a system of & bodies in the system of coordinates OXYZ (Fig. 1) is given
by the formula

k k

KP = 2 zr"i X m"zv"i = z 2[([‘0 + pV,-) X mvi(v() + ;X pvi)] (12)

i=1v; i=1lv

where o; is the absolute angular velocity of body i and the system of coordinates Ox;y;z; connected with
it.

To write the theorem of the change is the angular momentum with respect to the moving system of
coordinates OXYZ, we will use the idea of a centre of mass for each body and write the auxiliary relations

dpc,

dt{ = 0;XPc +qc,

dm, dm,
Z—d—t'(ml X pvi) = (!)l- X [qu + m,-qcl]
Vi
where pg; is the radius vector of the centre of mass C; of body i in the system OXYZ and qg; is the relative
velocity of the centre of mass C;, due to a change in its position with respect to the bodies, due to the
variability of their masses. If we use these relations and group the points of the system in accordance

with their membership of the bodies i, we can write the theorem on the change in angular momentum
with respect to the system of axes OXYZ in the form

k k
dK; e dm i

Z d;t,o = M0+Mg+ ZZPV,X dt"(mixpvi)—pcxmwo (1.3)

i=t

i=1 v,

where M}, and M’g are the principal moments of the external and reactive forces with respect to the
point O. Expression (1.3) corresponds to the assertion of the well-known theorem [2], taking into account
the grouping of the terms according to the membership of the points of the body i (i = 1, ... , k).

Using the idea of a local derivative for the angular momentum vector of each body in the system of
coordinates Ox,y;z; connected with the body, rotating with respect to OXYZ with angular velocity e,
Eq. (1.3) can be rewritten as follows:
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We have indicated in the subscript outside the brackets of the local derivatives the systems of coordinates
in which they are taken.

Equation (1.4) expresses in vector form the theorem of the change in the angular momentum of bodies
of variable mass with respect to the translating axes.

2. ASYSTEM OF TWO COAXIAL BODIES

We will consider the free motion of a system of two dynamically symmetrical bodies, where only body
1is of variable mass. The rejecting of point masses, when there is a change in mass, occurs symmetrically,
so that the vector of the reactive forces is directed strictly along the axis of rotation. Body 2 does not
change its inertia-mass characteristics, calculated in the system of coordinates Ox,y,2, connected to
the body, and, consequently, produces no reactive forces. The centre of mass of the system, due to the
change in the mass of body 1, is shifted with a certain velocity qc strictly along the longitudinal axis. In
Fig. 2 we show the case when, at the initial instant of time, the mass of the second body is greater than
the mass of the first one.

We will write the angular velocities and the angular momenta of the bodies in projections onto the
axes of their connected systems of coordinates

®; = pi;+qj;+rk; 2.1)

Ki o = A()(pyiy +qidy) + C(D)r k,, Ky 0 = Ay(piiy + qa) + Corok, (22)

where 4; and C; are the equatorial and longitudinal moments of inertia of body i, calculated in the
corresponding system of coordinates connected to the body, and {i, j;, k;} are the unit vectors of the
system Ox;y;z; (i = 1, 2).

The bodies of the system can only rotate with respect to one another in the direction of the common
longitudinal axis, which coincides with Oz, (and which Oz,). Here we will denote the angle and velocity
of twisting of body 1 with respect to body 2 in the direction of the longitudinal axis Oz, by 8 and
o = o respectively. The angles of spatial orientation of the coaxial bodies with respect to the translating
system of coordinates OXYZ are indicated in Fig. 2. The relation between the angular velocities and
the angular accelerations of two bodies in vector form is given by the formulae

O =0,+0, € =€+6 (2.3)
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From the theorem on the motion of the centre of mass of a system of variable mass [2] and expression
(2.3), the following relation must hold

mw, = tl)f-t:Zmec—mmzxmzxpc (2.10)

Bearing in mind that pc = (0, 0, pc), pc X ®; X @, X pc = 0 and also (2.9), using Eq. (2.10) we will
represent the vector (—p¢ X mwy) in terms of projections onto the axes of system Ox,y,z;

~[mpex Wol = mpel piy + i + 0k, ] (2.11)
Taking relation (2.11) into account, we will write Eqs (2.8) in the form
(A3(1) = mPL(1)) By + (C5(1) = A3(D))g,ry + C1(1)g,0 =

(A3(t)*mPé(t))‘h‘(C3(t)“A3(t))P2r2“C](I)PQG =
C3(1)iy + Ci(1)6 = 0

| |
(= =]

(2.12)

where pc(t) is a known function of time.

We will add to the three dynamic equations (2.12) an equation which describes the relative motion
of the bodies. We will use the theorem on the change in the angular momentum in terms of the projection
onto the axis of rotation, written for the first body

dK dm,
dtzl = Mﬂ(ZPleT,'PvJ
Vi 2

where K, = C,(t)r is the projection of the angular momentum of the first body onto the axis of rotation
and M is the moment of the internal interaction of the bodies. Since the centrifugal moments of inertia
of the body are zero, this equation takes the form

Ct)(y +6) = My (2.13)

We will supplement the dynamic equations (2.12) and (2.13) by the following kinematic relations
(Fig. 2) :

) . . 1 )
Y = ppsin@+q,c08Q, Y = ——(p,cos@ —gq,sing)
cosy (2.14)

_siny o &
ry —cosy(pzcosq) g,sin@), 6 =0

]

)

If, when the mass changes, the quantity mpZ(t) remains small compared with the overall transverse
moment of inertia of the system A4;(¢), the system of dynamic equations takes the form

Ay(D) P, + (C5(1) — As(2))g,ry + Ci(t)g,6 = 0
A3(2)q, = (C5(1) — A3()) pory— Ci(t)p0 = 0 (2.15)
G+ Ci(1)6 = 0, C(1)(#,+6) = M;

It follows from system (2.15) that the equations of motion of coaxial bodies of variable mass, in the
case of small relative displacements of centre of mass, differ from the equations of motion of coaxial
bodies of constant mass [1] in the fact that the moments of inertia vary with time. When the velocity
of relative twisting is identically equal to zero (6 = 0 = 0), Eqgs (2.15) are identical with the well-known
equations of the free motion of a dynamically symmetrical body of variable composition [2, 3].

3. SOLUTIONS FOR THE ANGLES OF ORIENTATION OF
A COAXIAL SYSTEM OF TWO BODIES

Suppose there is no moment of internal interaction between the coaxial bodies (M; = 0), the final

displacement of the centre of mass is small, and the equatorial and longitudinal moments of inertia of
body 1 vary linearly
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A(t) = Aj-at, C|(t) = Ci~ct; a= (A -A)IT, c=(C-CN)IT (3.1)

where 4, Cy, Ay, Cyy are quantities corresponding to the beginning and end of mass change process,
and T is its duration.
We will introduce new dimensionless variables G and F by the following replacement

po(t) = oG(1)sinF (1), q,(t) = 0G(t)cosF(t) 32)

where ® = (rg(A4, + 4, - C; - C;) — C160)/(A; + A,) is the characteristic velocity. The variable G in
formulae (3.2) is the dimensionless transverse angular velocity of the system of bodies

G(t) = (pysinF + g,cosF)lo

while the variable phase F defines the angle between the transverse angular velocity vector and the Oy
axis.
System (2.15) can be written in terms of the new variables as follows:

G=0, (A-at)F = Aw—nt; ry=ry © = Gy (r;=ry+0g) (3.3)
where
A = A1+A2, n = aro-c(r0+00)
System (3.3) has the exact solution
n, A a
G = LO’ F(t) = So+at—;—2(aﬂ)—l’l)‘n(1 —Zt) (3.4)

where L and s; are the initial values of the amplitude and phase.
Suppose the ratio of the change in the equatorial moment of inertia of body 1 to the initial equatorial
moment of inertia of the system is a small quantity

W= (A -A (A +4,y) = aT/A < 1

By representing the natural logarithm in solution (3.4) in the form of a power series, which converges
over the whole time interval, and dropping quantities of the order of p* and higher, we can write the
solution for the phase

F(t) = s+ @t +x£%, K = (a®-n)/(2A) (3.5)
Using expression (3.5) for the equatorial angular velocities we can write the following solutions
pa(8) = WLysin((0 + K}t +55),  go(t) = @Lycos((0+ Kt)f + 5¢) (3.6)

We will consider the case when body 1 rotates rapidly, body 2 is fixed with respect to the longitudinal
axis (ry = 0) and the modulus of the transverse angular velocity of the system is small compared with
the characteristic angular velocity

e = Jp+aflol = Gl = |Lj <1 G.7)

The angles of orientation v and y will be assumed to be small (y = O(g), y = O(g)). Then the nutation
angle 9 (the angle between the OZ and Oz; axes) are given by the following approximate formulae

o =y +y’ (3.8)

Taking relations (3.5), (3.7) and (3.8) into account, we can write kinematic equations (2.14) in the
form

Y = @Lysin(F(£) + @), ¥ = 0Lycos(F(1)+@), ¢ = —YwLycos(F(f)+ Q)



The motion of a system of coaxial bodies of variable mass 905

In view of the above assumptions, the quantity ¢ is of higher order of smallness than ¥ and y, and
hence we can assume that, over a small time interval ¢ = const = 0. Then, we can write for the angular
velocities ¥ and

Y = wLysinF(z), ¥ = WLycosF(r) 39

We will consider two possible cases of the motion, which occur for the following relations between
the quantities

1) signw = signk, 2) sign® =-signk (3.10)

Assuming, to fix our ideas, that the value of the frequency o is positive, for both cases of (3.10), using

Fresnel integrals, we can write the following analytic relations for the angles of orientation of the system
(the upper plus and minus signs are taken for case 1, and the lower signs are taken for case 2)

Y() = 2 [S(A(D) = SM0)] + s [C(A(1)) - C(MO0))] + 7o
y(1) = cz[C(A(1)) = C(M0))] F 5. [S(A(1)) = S(M0))] + Wy

where

2

2
0] . 0] 2|K|( m) T
Cy Rcos(so__4'(), Sy Rsm[so..m(:l, A1) e (Ao R=1L, /2|Kl
_ T 2  fan(T.2
C(x) = jcos(zx )dx, S(x) = fsm(zx )dx
0 0
(C(x) and S(x) are Fresnel integrals).

4. ANALYSIS OF THE AMPLITUDE OF NUTATIONAL OSCILLATIONS
FOR SMALL CHANGES IN THE MOMENTS OF INERTIA

We will consider the motion of a spacecraft, consisting of two coaxial bodies, one of which is a braking
motor — body 1. Body 2 does not rotate (ry = 0) and its mass is fixed, while body 1 is of variable mass
which twists with respect to the second body (o, # 0). This arrangement can be used to slow down a
spacecraft when it enters the atmosphere [1]. It is obvious that one must try to ensure that, during the
braking process, the longitudinal axis of the system retains its position in space. We will obtain an estimate
of the nutation angle at the braking stage. When rq = 0 formula (3.5), takes the form

aCi—cA

K= 0 4.1)

We will consider the case when the final changes in the values of the equatorial and longitudinal
moments of body 1, referred to the overall equatorial moment of inertia of the system and to the initial
longitudinal moment of inertia of body 1, respectively, are small:

n=A/A<1, AJC <1 (4.2)
where A4 = A4; - Ay, Ac = C; - Cypare positive finite changes in the values of the corresponding moments
of inertia of body 1. Limitations (3.7), (3.8) and (4.2) correspond to the practical problem of slowing
down a spacecraft using a motor (the duration T of the braking process does not exceed 30 s).

We will introduce the instantaneous frequency

aC,-cA

Q1) = o+xr = (1l +1(r)), (1) = _TCTt
1

Equations (3.9) then take the form

Y = oLysin(Q(e)t +55), ¥ = 0Lycos(Q(6)t +s;) (4.3)
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The greatest value in modulus of ©(¢) will be the small quantity

aCi—cA T
2C,A

sup|t(1)] =
t

We can obtain an approximate representation of the motion of the system [4] if we take 1(f) as the
parameter, assuming it to be equal to its mean value

f_l(é/_a_‘}_c)
“ 4 A C

In this case the approximate solutions of Egs (4.3) have the form

L —
Y(t) = l—o%[cos(ﬂt +5¢) — cossyl + Y,

+
Ly .~ .
y(t) = m[sm(Qt+s0)— sinsy] + Wy (4.4)
Q=0(l+7)

The following relation for the time dependence of the nutation angle follows from expressions (3.8)
and (4.4)
2

0°(1) =

_ 2L, e .
2[ 1 - cos(Q1)] + m{\l’o(sm(gt + 50) — sinsg) —

(1+7%)

—Yo(cos(Qt + 55) ~ cossg) } + 6(2), 9(2, = 7(2, + \u(z)
Averaging over the fast phase x = Qt we obtain the following approximate formula

2
2Ly 2L
3 0 0 2
(8% = (1+i)2+_1+fD+90 (4.5)

where

Yo . Yo

, sing =
[2 2 f 2
Yo+ Vo Yg + VY

We will consider the special case when D = 0, which occurs when Y, = yp (when o = n/4) and when
Do = qo (when sy = /4), which can always be achieved by an appropriate choice of the systems of
coordinates. It then follows from (4.5) that, to reduce the mean value of the nutation angle, it is necessary
to increase the sum 1 + T, which is equivalent to the following conditions

2, 2
D = Yy + Wocos(o+55), coso =

>0, |Fl—sup (4.6)

The characteristic frequency ® in this case has the following value
® = -C;0y/A 4.7

The first condition of (4.6) is equivalent to the inequality
AJA>ALC, (4.8)
The second condition of (4.6) for a fixed value of the velocity of relative twisting of the bodies 6, and,

as a consequence, for a fixed value of the characteristic frequency @ (4.7), reduces to the condition for
the modulus of T to increase and takes the form

AJA-AJC = sup (4.9)
{ApAch
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In Fig. 3 in the spatial variables {A4, Ac} we have represented the straight line
Ay = kA, k= AIC, (4.10)

which defines the boundary, above which (the region D in Fig. 3) condition (4.8) is satisfied, and below
which (the region N in Fig. 3) it is not satisfied. When considering the practical example of the braking
of a spacecraft these region N and D represent a subset of sets of possible design parameters. These
design parameters are the final changes in the moments of inertia of the braking motor {A4, Ac}, defining
the form and internal arrangement of the fuel charges — the solid-fuel packets of the channel burner.

The points {Ay4, Ac}, situated above the straight line (4.10) and furthest from it, satisfy condition
(4.9). In Fig. 3 we show a set of points, corresponding to the regions of possible design parameters for
a spacecraft, which are numbered in correspondence with the reduction in this distance; for example,
point 1 has the greatest positive distance, while point 7 has the least negative distance.
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The estimates obtained enable us, in practice, to make recommendations on the arrangement of the
solid-fuel packets in the braking motor. It is important that the burn-up of the fuel should lead to changes
in the moments of inertia for which, first, the point of the design parameters {A4, A} should be situated
in region D and, second, should be furthest of all from the straight line (4.10).

Calculations were carried out of the nutation angle using the complete equations of motion (2.14)
and (2.15), taking relation (3.8) into account for certain points {A4, Ac} from the discrete set of values
(Fig. 3), which satisfy condition (4.2), for the same inertial-mass parameters and initial conditions of
motion

A=A, =25kgm? C;=09kgm?, C,=03kgm? =7 =0.1rad
rg = 0 rad/s, Go = 20 radys, Ly = 1.1 rad/s, sy = 0 rad, T=25s.

The results, presented in Fig. 4, show that the least values of the nutation angle are reached for point
1, while the greatest values are reached for point 7 from the space {A4, Ac}. The calculations confirm
the correctness of the main analytical conclusions, formulated in the form of conditions (4.8) and (4.9).

In conclusion, we note that the equations obtained and their approximate solutions may be useful
when investigating the motion of other classes of spacecraft, representing a system of coaxial bodies
of variable composition.
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